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‘A
ARE YOU READY?
—
@Vocabulary

Match each term on the left with a definition on the right.
. mean A. acomparison of two quantities by division

. median B. the sum of the values in a set divided by the number of
values

. the value, or values, that occur most often

1
2
3. ratio
4

. mode
D. the result of addition

. the middle value, or mean of the two middle values, of a set
when the set is ordered numerically

@’Tree Diagrams

5. Natalie has three colors of wrapping paper (purple, blue, and yellow) and three colors
of ribbon (gold, white, and red). Make a tree diagram showing all possible ways that she
can wrap a present using one color of paper and one color of ribbon.

@Add and Subtract Fractions

Add or subtract.

14 3,5
6. 1—20 7'§+E

@’ Multiply and Divide Fractions
Multiply or divide.

1 3 1 1
10. 5'7 11. 25'2 12.

@’Percent Problems

Solve.
14. What number is 7% of 150? 15. 90% of what number is 452

16. A $24 item receives a price increase of 12%. How much was the price increased?

17. Twenty percent of the water in a large aquarium should be changed weekly. How much
water should be changed each week if an aquarium holds 65 gallons of water?

@’Find Measures of Central Tendency

Find the mean, median, and mode of each data set.
18. {9, 4,2,6, 4} 19. {1, 1,1,2,2, 2}

20. {1, 2,3,4,5, 6} 21. {18, 14, 20, 18, 14, 3, 18}

"
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The information below “unpacks” the standards. The Academic Vocabulary is
highlighted and defined to help you understand the language of the standards.
Refer to the lessons listed after each standard for help with the math terms and
phrases. The Chapter Concept shows how the standard is applied in this chapter.

California
Standard

@ 18.0 Students use fundamental

counting principles to compute
combinations and permutations.

(Lessons 11-1, 11-2, 11-6)

Academic
Vocabulary

fundamental essential
principle a basic truth, law, or assumption
compute to calculate

Unpacking the Standards

Chapter Concept

You solve real-world problems
about selecting and arranging
collections of objects.

#~ 19.0 Students

use combinations

and permutations to compute
probabilities.

(Lessons 11-2, 11-4, 11-6)

combination a grouping of items in which the order
does not matter

permutation a grouping of items in which the order
is important

You calculate combinations
and permutations to find the
probability of an event.

4 20.0 Students know the
binomial theorem and use it

to expand binomial expressions
that are raised to positive integer
powers.

(Lesson 11-6)

theorem a statement that has been proved to be true
expand to spread out; to express in detail

You expand a binomial raised to
a power.

Example:

(x+7) =

X+ 33Xy + 3%y  + y°

Extension of 6SDAP #~ 3.5
Understand the difference
between independent

and dependent events.

(Lesson 11-3)

independent events events for which the occurrence
of one event does not affect the probability of the
other event

dependent events events for which the occurrence
of one event affects the probability of the other event

You decide whether events are
independent or dependent and
use this information to calculate
probabilities.

Chapter 11



& CHAPTER
s Reading ~

Math -

Writing Strategy: Translate Between Words and Math

It is important to correctly interpret the type of math being described by a verbal

or written description. Listen/look for key words to help you translate between the
words and the math.

' 15.In 1626, the Dutch bought Manhattan Island

compounded: Compounding indicates
| f merchandise. Suppose . )
\\ i(l)lﬁ 21[:1:;,2:131 §24 had been invested in an an exponential function.
\‘ account that paid 3.5% interest compounded
‘\ annually. Find the balance in 2008. _— |

B
‘ - — . —

B S 1 31.Gardeners check the pH level of soil to >
s ensure a pH of 6 or 7. Soil is usually more

|
-

pH acidic in areas where rainfall is high, whereas

soil in dry areas is usually more alkaline.
| The pH level of a certain soil sample is 5.5.

What is the difference in hydrogen ion
hydrogen ion concentration: These

indi logarithmi : concentration, or [H*], between the sample
terms indicate a ogarlt mzcﬁmctton. and an acceptable level?

parabola: A parabola indicates
a quadratic function.

| 27.You are given a parabola with two points that

—7,11) and (3, 11).
have the same y-value, (-
‘\ Explain how to find the equation for the axis

\ of symmetry of this parabola.

Identify the key word and the type of function being described.

1. Kelly invested $2000 in a savings account at a simple interest rate of 2.5%.
How much money will she have in 8 months?

2. The diameter d in inches of a chain needed to move p pounds is given by the
square root of 85p, divided by pi. How much more can be lifted with a chain
2.5 inches in diameter than by a rope 0.5 inch in diameter?

3.

A technician took a blood sample from a patient and detected a toxin
concentration of 0.01006 mg/cm?®. Two hours later, the technician took another
sample and detected a concentration of 0.00881 mg/cm?. Assume that the
concentration varies exponentially with time. Write a function to model the data.

Students found that the number of mosquitoes per acre of wetland grows by
about 10 to the power %d + 2, where d is the number of days since the last frost.

Write and graph the function representing the number of mosquitoes on
each day.
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11-1

Permutations and
Combinations

Objectives Why learn this?

Solve problems involving Permutations can be used to determine the
the Fundamental number of ways to select and arrange
Counting Principle. artwork so as to give a new look each day.
Solve problems involving (See Example 2B.)

permutations and

combinations. You have previously used tree diagrams to find

the number of possible combinations of a

;ﬁ’:g:r:é‘;: ;’I Countin group of objects. In this lesson, you will learn
Principle 9 to use the Fundamental Counting Principle .
permutation
factorial
combination Fundamental Counting Principle
Know If there are n items and m,; ways to choose a first item, m, ways to choose a
no second item after the first item has been chosen, and so on, then there are
mﬁ-,: m; .+ m, - ..« m,ways to choose n items.
Lunch Special
EXAMPLE 1 Us_ing_ the Fundamental Counting ﬁ% "Choose 1 of each N 4
Principle Entree _ .
_ A For the lunch special, you can EL%H g“rl“:“'
Y4 California Standards choose an entrée, a drink, and h;c;:m rf‘,;
@~ 18.0 Students use one side dish. How many meal Drink =
fundamental counting principles choices are there? Milk :
to compute combinations and Flﬂtlt‘h .E:E:Tta ','. o
permutations. : maoL
number of times number of times number cauals number
main dishes beverages of sides 4 of choices
3 X 4 X 3 = 36
There are 36 meal choices.
m B In Utah, alicense plate consists of 3 digits followed by 3 letters. The
letters I, O, and Q are not used, and each digit or letter may be used
In E)1(?) mple Lfli ':jhefe more than once. How many different license plates are possible?
are 10 possible digits
and 26 — 3 =23 digit digit digit letter letter letter
possible letters. 10 x 10 x 10 x 23 x 23 x 23 =12,167,000
There are 12,167,000 possible license plates.

CHECK la. A “make-your-own-adventure” story lets you choose 6 starting
points, gives 4 plot choices, and then has 5 possible endings.
How many adventures are there?

1b. A password is 4 letters followed by 1 digit. Uppercase letters
(A) and lowercase letters (a) may be used and are considered
different. How many passwords are possible?

794  Chapter 11 Probability and Statistics



Know(T n Factorial
) : For any whole number n,

Pl

A permutation is a selection of a group of objects in which order is important.

There is one way to
arrange one item A.

A
A second item B can / \
BA AB

be placed first or

second. / ‘ \
A third item C can

be first, second, or CBA BCA BAC CAB ACB ABC 3e261
third for each order permutations
above.

1 permutation

2 « 1 permutations

You can see that the number of permutations of 3 itemsis3 .2 . 1.
You can extend this to permutations of n items, which is
ne(n-1)-(n—-2)-(n—-3)-..-1. This expression is called

n factorial, and is written as n!.

N
WORDS NUMBERS ALGEBRA
The factorial of 6! = n! =
a number is the 6:5:4.3.2.1=720|n-(n=1):(n=2)-(n—=3)-...:1
product of the
natural numbers
less than or equal
to the number.
0! is defined as 1.
\ J
Sometimes you may not want to order an entire set of items. Suppose that you
want to select and order 3 people from a group of 7. One way to find possible
permutations is to use the Fundamental Counting Principle.
First Person Second Person Third Person There are 7 people. You are

choosing 3 of them in order.
7 choices - 6 choices - 5 choices = 210 permutations
Another way to find the possible permutations is to use factorials. You can divide
the total number of arrangements by the number of arrangements that are not

used. In the example above, there are 7 total people and 4 whose arrangements
do not matter.

arrangements of 7 people 71 7.6.5.4.3.2. 4 _
arrangements of 4 people 4! A-Z2X

This can be generalized as a formula, which is useful for large numbers of items.

210

Permutations ~
NUMBERS ALGEBRA
The number of permutations of 7 The number of permutations of n items
items taken 3 at a time is taken r at a time is
7! 7! nl
P =0/ = 7. P = —
TET 73 4 " (n =)
J
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EXAMPLE |2

 Helpful Hint =1

The number of
factors left after
dividing is the
number of items
selected. In Example
2B, there are 4
paintings and 4
factorsin9.8.7.6.

Finding Permutations

A How many ways can a club select a president, a vice president, and a
secretary from a group of 5 people?

This is the equivalent of selecting and arranging 3 items from 5.

| !
5P, = ﬁ = % Substitute 5 for n and 3 for r in ﬁ
_ %/l’ Divide out common factors.
= 5 . 4 . 3 = 60

There are 60 ways to select the 3 people.

B An art gallery has 9 paintings from an artist and will display 4 from
left to right along a wall. In how many ways can the gallery select and
display the 4 paintings?

P _ 9! _9 9:.8.7-6-5-4-3-2-1 Divide out common
o (9—4) 5! 54321 factors.
=9.8.7-:6
= 3024

There are 3024 ways that the gallery can select and display the paintings.

CHECK 2a. Awards are given out at a costume party. How many ways
L can “most creative,” “silliest,” and “best” costume be awarded
to 8 contestants if no one gets more than one award?

2b. How many ways can a 2-digit number be formed by using
only the digits 5-9 and by each digit being used only once?

A combination is a grouping of items in which order does not matter. There are
generally fewer ways to select items when order does not matter. For example,
there are 6 ways to order 3 items, but they are all the same combination:

6 permutations — {ABC, ACB, BAC, BCA, CAB, CBA}
1 combination — {ABC}

To find the number of combinations, the formula for permutations can be
modified.

number of ways to arrange all items

permutations  ways to arrange items not selected

Because order does not matter, divide the number of permutations by the
number of ways to arrange the selected items.

number of _ ways to arrange all items
combinations (ways to arrange selected items) (ways to arrange items not selected)

796 Chapter 11 Probability and Statistics



Combinations

N
NUMBERS ALGEBRA
The number of combinations of 7 The number of combinations of n items
items taken 3 at a time is taken r at a time is
R | — —__n
S=3m ey "= -t
J

When deciding whether to use permutations or combinations, first decide
whether order is important. Use a permutation if order matters and a
combination if order does not matter.

EXAMPLE '3 Pet Adoption Application

Katie is going to adopt kittens from a litter of 11.
How many ways can she choose a group of 3 kittens?

Step 1 Determine whether the problem
represents a permutation or combination.

The order does not matter. The group Kitty,
Smoky, and Tigger is the same as Tigger, Kitty,
and Smoky. It is a combination.

Step 2 Use the formula for combinations.

1Cs = 11! _ 1 n=11andr =3
31(11 —3)!  31(8!)
You can find _ 11:10:9.8:7.6+-5+4+3=2-1T Divide out common

permutations and
combinations by
using nPr and
nCr, respectively,

3:2-1(8.7-6-5-4=3+271)
_11.10-9 _11.10°.4°

3.2.1

13121

=165

factors.

on scientific and
graphing calculators.

There are 165 ways to select a group of 3 kittens from 11.

CHECK

3. The swim team has 8 swimmers. Two swimmers will be
ITour!

selected to swim in the first heat. How many ways can the
swimmers be selected?

N
THINK AND DISCUSS

1. Give a situation in which order matters and one in which order does
not matter.

2. Give the value of ,,C,, where 7 is any integer. Explain your answer.
3. Tell what ;C, would mean in the real world and why it is not possible.

‘Know 4. GET ORGANIZED Copy and complete the graphic organizer.
; Fundamental
'_jfi_f_- Counting Principle Permutation Combination
Formula
Examples

11-1 Permutations and Combinations 797
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SEE EXAMPLE "1

p. 794

SEE EXAMPLE ' 2

p- 796

SEE EXAMPLE ' 3

p- 797
[
For See
Exercises Example
9-10 1
11-13 2
14 3

Extra Practice

Skills Practice p. S24
Application Practice p. $42

f_“ﬁ@ California Standards L% go.hrw.com

17.0, %~ 18.0 Homework Help Online

KEYWORD: MB7 11-1

Parent Resources Online

KEYWORD: MB7 Parent

GUIDED PRACTICE

1. Vocabulary When you open a rotating combination lock, orderis ? (important
or not important), so thisisa ? (permutation or combination).

2. Jamie purchased 3 blouses, 3 jackets, and 2 skirts. How many different outfits using a
blouse, a jacket, and a skirt are possible?

3. An Internet code consists of one digit followed by one letter. The number zero and
the letter O are excluded. How many codes are possible?

4. Nate is on a 7-day vacation. He plans to spend one day jet skiing and one day
golfing. How many ways can Nate schedule the 2 activities?

5. How many ways can you listen to 3 songs from a CD that has 12 selections?

6. Members from 6 different school organizations decorated floats for the homecoming
parade. How many different ways can first, second, and third prize be awarded?

7. A teacher wants to send 4 students to the library each day. There are 21 students
in the class. How many ways can he choose 4 students to go to the library on the
first day?

8. Gregory has a coupon for $1 off the purchase of 3 boxes of Munchie brand cereal.
The store has 5 different varieties of Munchie brand cereal. How many ways can
Gregory choose 3 boxes of cereal so that each box is a different variety?

PRACTICE AND PROBLEM SOLVING

9. Hiking A hiker can take 4 trails to the lake and then 3 trails from the lake to the
cabins. How many routes are there from the lake to the cabins?

10. The cheerleading squad is making posters. They have 3 different colors of poster
board and 4 different colors of markers. How many different posters can be made by
using one poster board and one marker?

11. How many ways can you choose a manager and assistant from a 9-person task force?

12. How many identification codes are possible by using 3 letters if no letter may
be repeated?

13. There are 5 airplanes ready to depart. Runway A and runway D are available. How
many ways can 2 planes be assigned to runways without using the same runway?

14. Food How many choices of 3 hamburger toppings are possible? ' <5y |

15. What if...? In the United Kingdom’s National Lottery,
you must correctly select a group of 6 numbers from 49.
Suppose that the contest were changed to selecting
7 numbers. How many more ways would there be to
select the numbers?

Evaluate.
16. (Pg 17. ;C; 18. (P, 19.
2! 413! 9! 8! — 5!
20. = 21, =+ 22, = 23, >~ —
6! 2! 7! (8 —5)!

798 Chapter 11 Probability and Statistics



O Geometry Find the number of ways that each selection can be made.
24. two marked points to determine slope 25. four points to form a quadrilateral

Compare. Write >, < ,or =.
26. ;P; .C, 27. ;P, P, 28. .C; .C, 29. ,C,y 10P1o

30. Copy and complete the table. Use the table to explain why 0! is defined as 1.

n! 4 31 2! 11
n(n—1)! |4(31) =24

31. Critical Thinking Why are there more unique permutations of the letters in
YOUNG than in GEESE?

Music In change ringing, a peal is the ringing of all possible sequences of a number
of bells. Suppose that 8 bells are used and it takes 0.25 second to ring each bell. How
long would it take to ring a complete peal?

33. Multi-Step Amy, Bob, Charles, Dena, and Esther are club officers.

a. Copy and complete the table to show the ways that a president, a vice
president, and a secretary can be chosen if Amy is chosen president.
(Use first initials for names.)

There are many change-
ringing societies and
groups, especially in the Vice President | B B B C C C
United Kingdom. Bell
ringers work together
to follow patterns and
called changes to avoid
repeating sequences.

President A A A A A A A A A A A A

Secretary C D E

b. Extend the table to show the number of ways that the three officers can be
chosen if Bob is chosen president. Make a conjecture as to the number of
ways that a president, a vice president, and a secretary can be chosen.

¢. Use a formula to find the number of different ways that a president, a vice
president, and a secretary can be chosen. Compare your result with part b.

d. How many different ways can 3 club officers be chosen to form a committee?
Compare this with the answer to part c. Which answer is a number of
permutations? Which answer is a number of combinations?

34. Critical Thinking Use the formulas to divide ,P, by ,C.. Predict the result of
dividing ¢P5 by sC; . Check your prediction. What meaning does the result have?

X 35, Write About It Find 9C, and ¢C,. Find ;yC4 and ;,C,. Explain the results.

S84, 36. This problem will prepare you for the Concept Connection on page 826.
ConcEry While playing th fYah lls 5 di
CONNECTION ile playing the game of Yahtzee, Jenrolls 5 dice | N
- — and gets the result shown at right. el .. ': "
a. How many different ways can she arrange the - : Y Yo
dice from left to right? - L =
b. How many different ways can she choose 3 of A
4 the dice to reroll? >
: » 3
- 4 5 a‘:, . x‘

11-1 Permutations and Combinations 799




37. JI//ERROR ANALYSIS/// Below are two solutions for “How many Internet codes
can be made by using 3 digits if 0 is excluded and digits may not be repeated?”
Which is incorrect? Explain the error.

®

91 9l
319 —3)1 (9 -3)
__9 _ 9!
=316 T
= 84 codes =504 codes

38. Critical Thinking Explain how to use the Fundamental Counting Principle to
answer the question in Exercise 37.

om—
== STANDARDIZED | e

=  TEST PREP
—

39. There are 14 players on the team. Which of the following expressions models the
number of ways that the coach can choose 5 players to start the game?

141 141 141
@ 5! =i © o1 @ Tior

40. Which of the following has the same value as C,?

® P, @ 4G @ oPs @ oG

41. Short Response Rene can choose 1 elective each of the 4 years that she is in high

school. There are 15 electives. How many ways can Rene choose her electives?

CHALLENGE AND EXTEND

CHD 42. Geometry Consider a circle with two points, A and B. You

A
can form exactly 1 segment, AB. If there are 3 points, you can B
form 3 segments as shown in the diagram.

a. How many segments can be formed from 4 points,
5 points, 6 points, and n points? Write your answer for A
n points as a permutation or combination. B

b. How many segments can be formed from 20 points?

C
43. Government How many ways can a jury of 12 and 2

alternate jurors be selected from a pool of 30 potential jurors?
(Hint: Consider how order is both important and unimportant
in selection.) Leave your answer in unexpanded notation.

SPIRAL REVIEW

44. Money The cost to rent a boat increased from $0.15 per mile to $0.45 per mile.
Write a function p(x) for the initial cost and a function P(x) for the cost after the
price increase. Graph both functions on the same coordinate plane. Describe the
transformation. (Lesson 7-8)

Solve each proportion. (Lesson 2-2)
17 _ 11 29 x 22 _16 x _ 98
a5. S =— 46 47 =55 48

" 3.7 2331 on

36 18
Identify the conic section that each equation represents. (Lesson 10-6)
49. 6x*+3xy—9y°+5x—2y—16=0 50. 8x>+8) —6x+7y—9=0

800 Chapter 11 Probability and Statistics



Relative Area

Connecting
Algebra to

Geometry )

See Skills Bank
page S62

In geometric probability, the probability of an event corresponds to ratios of
the areas (or lengths or volumes) or parts of one or more figures.

P4 california Standards

SN

Review of 7TMG2.2 Estimate and compute the area of more complex or irregular two- and three-dimensional
figures by breaking the figures down into more basic geometric objects.

In the spinners shown, the probability of landing on a color is

based on relative area. Area Formulas

% shaded % shaded i shaded Figure Formula
Rectangle A = bh
Square A=5s?
Triangle A= %bh
; 1
Trapezoid | A = Eh(b1 +b,)
i — 2
Use the area formulas at right to help you determine relative area. ¢l A=mr
What portion of the rectangle is shaded? Write the relative area as a 3in

fraction, a decimal, and a percent. Efin

Find the ratio of the area of the shaded region to the area of the rectangle.

05 10in.
A =10(5) =50 in Area of the rectangle: A = bh
A= %(3)(10) =15in? Area of the unshaded triangle: A = %bh
area of shaded region 59_15 35 7
= :—:—:0.7,01‘70?
area of the rectangle 50 50 10 ?
What portion of each figure is shaded? Write the relative area as a fraction,
a decimal, and a percent.
1. 2. 3. 4. 5
AN Ol
= ~° (6 ’
A 48°
. . B 72° T24°
5. Write the relative area of each sector of the
spinner as a fraction, decimal, and percent.
D 96° G 120°

Connecting Algebra to Geometry 801
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11-2

Objectives
Find the theoretical
probability of an event.

Find the experimental
probability of an event.

Vocabulary
probability

outcome

sample space

event

equally likely outcomes
favorable outcomes
theoretical probability
complement

geometric probability
experiment

trial

experimental probability

P4 California Standards

@ 19.0 Students use
combinations and permutations
to compute probabilities.

Also covered: 4w 18.0

Theoretical and Experimental
Probability

Why learn this?

You can use probability to find the
chances of hitting or missing a target in
the game Battleship. (See Example 2.)

Probability is the measure of how likely an
event is to occur. Each possible result of a
probability experiment or situation is an
outcome . The sample space is the set

of all possible outcomes. An event is an
outcome or set of outcomes.

Rolling a number cube Spinning a spinner

&

{1,2,3,4,5, 6}

Experiment or
Situation

Sample Space {red, blue, green, yellow}

Probabilities are written as fractions or decimals from 0 to 1, or as percents
from 0% to 100%.

Impossible As likely as not Certain

g —
0% 0.5, % 50% 100%

Equally likely outcomes have the same chance of occurring. When you toss a
fair coin, heads and tails are equally likely outcomes. Favorable outcomes are
outcomes in a specified event. For equally likely outcomes, the theoretical
probability of an event is the ratio of the number of favorable outcomes to the
total number of outcomes.

Theoretical Probability

For equally likely outcomes,
P(event) = number of favorable outcomes

number of outcomes in the sample space

EXAMPLE 1 Finding Theoretical Probability

A A CD has 5 upbeat dance songs and 7 slow ballads. What is the
probability that a randomly selected song is an upbeat dance song?

There are 12 possible outcomes and 5 favorable outcomes.

P(upbeat dance song) = % ~ 41.7%

802 Chapter 11 Probability and Statistics



B Ared number cube and a blue [1]11]2]
number cube are rolled. If all
numbers are equally likely, 22z
what is the probability that the (3]1]§3]2]

sum is 10? [4]1]f4]2]
There are 36 possible [s]1{[5]2]
outcomes.

P(sum is 10) _ number of outcomes with sum of 10
36
. 3 1 3 outcomes with a sum of 10:
P(sumis 10) = =—=—
( ) 36 12 (4, 6) (5, 5), and (6, 4)

CHECK A red number cube and a blue number cube are rolled. If all
ITOUTL, hymbers are equally likely, what is the probability of each event?

la. The sum is 6.
1b. The difference is 6.
lc. The red cube is greater.

The sum of all probabilities in the sample space is 1. The complement of an
event E is the set of all outcomes in the sample space that are not in E.

Complement

The probability of the complement of event E is
P(not E) = 1 — P(E).

EXAMPLE 2 Entertainment Application

The game Battleship is played with 5 ships
on a 100-hole grid. Players try to guess the
locations of their opponent’s ships and
sink them. At the start of the game, what
is the probability that the first shot misses
all targets?

P(miss) = 1 — P(hit) Use the complement. Batthip Pie'ces
: 17
P(miss) =1 — 100 Thc;re/are 17 to;allJ Number of
oles covered by Game Piece | Holes Covered
game pieces.
83 Destroyer 2
=700’ "t 83% Cruiser 3
) Submarine 3
There is an 83% chance of the first shot -
missing all targets. Battleship 4
Carrier 5

CHECK 2. Two integers from 1 to 10 are randomly selected. The same
IT out! number may be chosen twice. What is the probability that both
numbers are less than 9?

11-2 Theoretical and Experimental Probability =~ 803
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EXAMPLE |3

Finding Probability with Permutations or Combinations

Each student received a 4-digit code to use the library computers, with no
digit repeated. Manu received the code 7654. What was the probability that
he would receive a code of consecutive numbers?

Step 1 Determine whether the code is a permutation or a combination.
Order is important, so it is a permutation.

Step 2 Find the number of outcomes in the sample space.
The sample space is the number of permutations of 4 of 10 digits.
10! _ 10-9-8:7-6:5-4~3=2=T
wPs ="gp = 65432+ T =040
Step 3 Find the favorable outcomes.

The favorable outcomes are the codes 0123, 1234, 2345, 3456, 4567,
5678, 6789, and the reverse of each of these numbers. There are 14
favorable outcomes.

Step 4 Find the probability.

: _ 14 1
P(consecutive numbers) = 5040 = 360
The probability that Manu would receive a code of consecutive numbers
1
was .
360

CHECK 3. A DJrandomly selects 2 of 8 ads to play before her show. Two
L of the ads are by a local retailer. What is the probability that she
will play both of the retailer’s ads before her show?

Geometric probability is a form of theoretical probability determined by a ratio
of lengths, areas, or volumes.

EXAMPLE 4

Finding Geometric Probability

Three semicircles with diameters 2, 4, and 6 cm are arranged as shown
in the figure. If a point inside the figure is chosen

at random, what is the probability that the point is

inside the shaded region?

The probability that the point is in the shaded region is 5.

Find the ratio of the area of the shaded region 4cm 2cm

to the area of the entire semicircle. The area of a f 6 cm
semicircle is %TI‘I’Z.

First, find the area of the entire semicircle.

A= %7‘(‘(32) =4.57 Total area of largest semicircle

Next, find the unshaded area.
Ay = [lﬂ(Zz) ] + [%7!‘(12) ] =27+ 0.5m =257 Sum of areas of
the unshaded

semicircles

2

Subtract to find the shaded area.

As=4.5m— 25T =21 Area of shaded region

A _2m _ 2 4 Ratio of shaded region to total area

A, 457 45 9

4
9
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CHECK 4. Find the probability that a point
I chosen at random inside the large
triangle is in the small triangle.

You can estimate the probability of an event by using data,
or by experiment . For example, if a doctor states that an
operation “has an 80% probability of success,” 80% is an

estimate of probability based on similar case histories. 15 in.

Each repetition of an experiment is a trial . The sample space of an experiment
is the set of all possible outcomes. The experimental probability of an event

is the ratio of the number of times that the event occurs, the frequency, to the
number of trials.

Experimental Probability

number of times the event occurs
number of trials

experimental probability =

Experimental probability is often used to estimate

theoretical probability and to make predictions. »
-we®

-

o

~ i

EXAMPLE 5 Finding Experimental Probability -
v

The bar graph shows the results Results of 100 Rolls N
of 100 tosses of an oddly shaped

number cube. Find each
experimental probability. >0
g 15
A rollinga3 Sg’_ 10
The outcome 3 occurred 2
16 times out of 100 trials. >

0
p(s):%=2i:0,16 1 2 3 4 5 6
5 Number rolled

m B rolling a perfect square

nglueeglcjﬁsb?rzsige P(perfect square) = % The numbers 1 and 4 are perfect
they can be eas’ily squares. 1 occurred 17 times
read from the graph = % = % =0.28 and 4 occurred 11 times.
in Example 5.
C rolling a number other than 5
Use the complement.
P(5) = % 5 occurred 22 times out of 100 trials.
1-P(5)=1-22 _ 78 _39_ g

100 100 ~ 50

CHECK 5. The table shows the results of choosing one card from a deck of
L cards, recording the suit, and then replacing the card.

Card Suit Hearts Diamonds Clubs Spades
Number 5 9 7 5

5a. Find the experimental probability of choosing a diamond.

5b. Find the experimental probability of choosing a card that is
not a club.
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SEE EXAMPLE
p. 802

SEE EXAMPLE
p. 803

SEE EXAMPLE
p. 804

SEE EXAMPLE
p. 804

SEE EXAMPLE
p. 805

806

e N
THINK AND DISCUSS

1. Explain whether the probability of an event can be 1.5.

2. Tell which events have the same probability when two number cubes are tossed:
sum of 7, sum of 5, sum of 9, and sum of 11.

3. Compare the theoretical and experimental probabilities of getting heads when

4.

tossing a coin if Joe got heads 8 times in 20

GET ORGANIZED Copy and complete the
graphic organizer. Give an example of each
probability concept.

?f'ﬁﬁ California Standards

#~ 10.0, 16.0, = 18.0,

&~ 19.0

tosses of the coin.

Experimental Theoretical

Probability

Geometric

Complement

L% go.hrw.com
Homework Help Online

KEYWORD: MB7 11-1

GUIDED PRACTICE

1. Vocabulary A fair coin is tossed 8 times and lands heads up 3 times. The ?

landing heads is % (theoretical probability

Parent Resources Online

KEYWORD: MB7 Parent

of

or experimental probability)

1 A quarter, a nickel, and a penny are flipped. Find the probability of each of the

Us

12.

13.

3. The penny and nickel show heads.

5. All three coins land the same way.

What is the probability that a random 2-digit number (00-99) does not end in 5?

. What is the probability that a randomly selected date in one year is not in the month

A clerk has 4 different letters that need to go in 4 different envelopes. What is the

There are 12 balloons in a bag: 3 each of blue, green, red, and yellow. Three balloons

are chosen at random. Find the probability that all 3 of the balloons are green.

10. that a point chosen at random is in the shaded area

. 11. that a point chosen at random is in the smallest circle

e the table for Exercises 12 and 13.
Find the experimental probability of
spinning red.

Find the experimental probability of
spinning red or blue.

Chapter 11 Probability and Statistics

following.
2. The quarter shows heads.
4. One coin shows heads.
2 6.
7
L of December or January?
3 8.
probability that all 4 letters are placed in the correct envelopes?
9.
4

Use the diagram for Exercises 10 and 11. Find each probability.

2in. K~

(ain)
_/

Spinner Experiment
Red

Green Blue




A
For See
Exercises Example
14-15 1
16 2
17-18 3
19 4
20 5

Extra Practice

Skills Practice p. S24
Application Practice p. $42

oo

PRACTICE AND PROBLEM SOLVING

There are 3 green marbles, 7 red marbles, and 5 white marbles in a bag. Find the
probability of each of the following.

14.
16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

The chosen marble is white. 15. The chosen marble is red or white.

Two integers from 1 to 8 are randomly selected. The same number can be chosen
both times. What is the probability that both numbers are greater than 2?

Swimming The coach randomly selects 3 swimmers from a team of 8 to swim in a
heat. What is the probability that she will choose the three strongest swimmers?

Books There are 7 books numbered 1-7 on the summer reading list. Peter randomly
chooses 2 books. What is the probability that Peter chooses books numbered 1 and 2?

Games In the game of corntoss, players 6 in. diameter
throw corn-filled bags at a hole in a wooden
platform. If a bag that hits the platform can
hit any location with an equal likelihood,
find the probability that a tossed bag lands
in the hole.

Cards An experiment consists of choosing one card from a standard deck and then
replacing it. The experiment was done several times, and the results are: 8 hearts,
8 diamonds, 6 spades, and 6 clubs. Find the experimental probability that a card is red.

Critical Thinking Explain whether the experimental probability of tossing tails
when a fair coin is tossed 25 times is always, sometimes, or never equal to the
theoretical probability.

Games A radio station in Mississippi is giving away a trip to the Mississippi coast
from any other state in the United States. Assuming an equally likely chance for a
winner from any other state, what is the probability that the winner will be from a
state that does not border Mississippi?

Geometry Use the figure.

2r
a. A circle with radius ris inscribed in a square with side length 2r.
What is the ratio of the area of the circle to the area of the square? / \
b. A square board has an inscribed circle with a 15 in. radius. —
A small button is dropped 10,000 times on the board, landing \ /
inside the circle 7852 times. How can you use this experiment to

estimate a value for 72

Games The sides of a backgammon die are marked with the numbers 2, 4, 8, 16, 32,
and 64. Describe an outcome that has a probability of %

Computer A player in a computer basketball program
has a constant probability of making each free throw.
Jack notes the success rate over a period of time.

a. Find the experimental probability for each set of

: Free Throw Shooting
25 attempts as a decimal.

b. Find the experimental probability for the entire Free Throws
i Attempts Made
experiment.
¢. What is the best estimate of the theoretical 1-25 17
probability? Justify your answer. 26-50 21
51-75 19
76-100 16
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sy, 26. This problem will prepare you for the Concept Connection on page 826.

EPT s .
5::::1111 on While playing Yahtzee and rolling 5 dice, Mei gets the result . ke s

. — shown at right. Mei decides to keep the three 4’s and reroll ;»:“_‘ 2=z
the other 2 dice.

a. What is the probability that Mei will have 5 of a kind?

b. What is the probability that she will have 4 of a kind
(four 4’s plus something else)?

c. What is the probability that she will have exactly
three 4’s?

d. How are the answers to parts a, b, and c related?

[JO 27. Geometry The points along AF are evenly spaced. A point is l_f_f_‘.‘_f_f

randomly chosen. Find the probability that the point lies on BD . A B CDEF

Weather Use the graph and the following information for Exercises 28-30.

The table shows the number .Of days that the quimum Days Above 90°F
temperature was above 90°F in Death Valley National Park

in 2002.

28. What is the experimental probability that the maximum

temperature will be greater than 90°F on a given day
in April?

29. For what month would you estimate the theoretical
probability of a maximum temperature no greater
than 90°F to be about 0.13? Explain.

30. May has 31 days. How would the experimental
probability be affected if someone mistakenly used
30 days to calculate the experimental probability that
the maximum temperature will not be greater than
90°F on a given day in May?

31. Critical Thinking Is it possible for the experimental probability of an event to
be 0 if the theoretical probability is 1? Is it possible for the experimental probability
of an event to be 0 if the theoretical probability is 0.99? Explain.

OO 32 Geometry The two circles circumscribe and inscribe the square.

Find the probability that a random point in the large circle is within / >\
the inner circle. (Hint: Use the Pythagorean Theorem.) k. y

33. Critical Thinking Lexi tossed a fair coin 20 times,
resulting in 12 heads and 8 tails. What is the theoretical
probability that Lexi will get heads on the next toss? Explain.

34. Athletics Do male or female high

U.S. Basketball Players
school basketball players have a

better chance of playing on college Men Women
teams? on professional teams? High School Players 549,500 | 456,900
Explain. College Players 4,500 4,100

. Write About It Describe the
difference between theoretical
probability and experimental
probability. Give an example in
which they may differ.

College Players Drafted

by Pro Leagues 44 32

Source: www.ncaa.org
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S— 36. A fair coin is tossed 25 times, landing tails up 14 times. What is the experimental

probability of heads?
@ 0.44 0.50 © 056 @D 0.79

LMD 37. Geometry Find the probability that a point chosen at 1
random in the large rectangle at right will lie in the shaded s g
area, to the nearest percent. 14
@ 18% @ 45% @ 55% Q@ 71%

38. How many outcomes are in the sample space when a quarter, a dime, and a nickel
are tossed?

@ 3 6 © 8 @ 12
39. Two number cubes are rolled. What is the theoretical probability that the sum is 5?
1 1 1 1
® 3 © < ® 3 D 5
40. Short Response Find the probability that a point chosen 4 8 12 24
at random on the part of the number line shown will lie A B C D

between points B and C.

[T CHALLENGE AND EXTEND
41. The graph illustrates a statistical property known as Experimental Probability
the law of large numbers. Make a conjecture about
the effect on probability as the number of trials gets a
very large. Give an example of how the probability 0.8
might be affected for a real-world situation. 2 06
42. Four trumpet players’ instruments are mixed up, § PN
and the trumpets are given to the players just g 0.4 V\/
before a concert. What is the probability that 02
no one gets his or her trumpet back? F
43. The table shows the data from a spinner experiment. 0 10 20 30 40
Draw a reasonable spinner with 6 regions that may Trials
have been used for this experiment.
Spinner Experiment
Color Red Blue Green Yellow
Occurrences 23 44 7 26
[T SPIRAL REVIEW
Find the minimum or maximum value of each function. (Lesson 5-2)
44. f(x) =0.25x* — 0.85x + 1 45. f(x) = —2x* + 20x — 34

Write the equation in standard form for each parabola. (Lesson 70-5)
46. vertex (0, 0), directrix x = —3 47. vertex (0, 0), directrix y = 5

48. A coach chooses 5 players for a basketball team from a group of 11. (Lesson 11-1)
a. How many ways can she choose 5 players?
b. How many ways can she choose 5 players to play different positions?
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Explore Simulations

A simulation is a model that uses random numbers to approximate
experimental probability. You can use a spreadsheet to perform simulations.
The RAND( ) function generates random decimal values greater than or
equal to 0 and less than 1. The INT function gives the greatest integer less
than or equal to the input value. The functions can be used together to
generate random integers as shown in the table

Random Numbers

Use with Lesson 11-2

Formula Output Example
=RAND() Decimal values0 < n < 1 0.279606096
=100*RAND() Decimal values 0 < n < 100 27.9606096
=INT(100*RAND()) Integers 0 < n < 99 27
=INT(100*RAND())+1 | Integers 1 < n < 100 28

 Activity 2

Use a simulation to find the experimental probability that a 65% free throw shooter
will make at least 4 of his next 5 attempts.

© 7o represent a percent, enter the formula for random Al - & =NT(I0IRANDOI+
integers from 1 to 100 into cell Al. A B = D E
3
€) Let each row represent a trial of 5 attempts. Copy the
formula from cell Al into cells B1 through E1. Each time Al - 3 mlutl)‘mm@il_
you copy the formula, the random values will change. A ] € 1]
To represent 10 trials, copy the formulas from row 1 into 1 i L]
rows 2 through 10.
9 Because the shooter makes 65% of his attempts, let the 0 £ oI S
numbers 1 through 65 represent a successful attempt. T, 35 | 2 |7 6217 % |7 38
Z|[rm [r o B H|s 3
Identify the number of successful attempts in each row, i 4 g j ;i j 13 4 é gg
or trial. There were 4 or more successes in trials 1, 3, 6i|| 97| |~ 68 [+ & 74|/ 36
8,9, and 10. So there is about a -, or 50%, experimental g s 33 g g E 4 g;
probability that the shooter will make at least 4 of his ER : = .': 7 v I D v
next 5 attempts. 8 |[7 b2 Bl | & 3 [+ 5is X
W07 48 |+ & |+ &5 Blr A

Note that each time you run the simulation, you may
get a different probability. The more trials you perform,
the more reliable your estimate will be.

<D

Use a simulation to find each experimental probability.

1. An energy drink game advertises a 25% chance of winning with each bottle cap.
Find the experimental probability that a 6-pack will contain at least 3 winners.

2. In a game with a 40% chance of winning, your friend challenges you to win 4 times
in a row. Find the experimental probability of this happening in the next 4 games.

3. Critical Thinking How would you design a simulation to find the probability that
a baseball player with a .285 batting average will get a hit in 5 of his next 10 at bats?
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11-3

Independent and
Dependent Events

Objectives Who uses this?
Determine whether Political analysts can use demographic
events are independent information and probabilities to predict

or dependent.

Find the probability
of independent and
dependent events.

the results of elections. (See Example 3.)

Events are independent events if the
occurrence of one event does not affect the
probability of the other.

Vocabulary
independent events If a coin is tossed twice, its landing heads up on the 1st 2nd
dependent events first toss and landing heads up on the second toss are toss toss
conditional probability independent events. The outcome of one toss does ____—H
not affect the probability of heads on the other toss. To H— T
find the probability of tossing heads twice, multiply the
individual probabilities, 1 - 1, or 1. —~"
T

Probability of Independent Events

If A and B are independent events, then P(A and B) = P(A) - P(B). J

EXAMPLE 1 Finding the Probability of Independent Events
Find each probability.

Pwﬁ California Standards A spinning 4 and then 4 again on the spinner

Review and Extension of Spinning a 4 once does not affect the probability

@~ 6SDAP3.5 Understand of spinning a 4 again, so the events are
the difference between independent.

inde;t)endenl and dependent P( 4 and then 4) _ P( 4) . P( 4)

events.

Also covered: Review and Extension 3.3_9 3 of the 8 equal sectors
of 6SDAP3.4 8 8 64 are labeled 4.

B spinning red, then green, and then red on the

spinner

The result of any spin does not affect the probability of any other
outcome.

P(red, then green, and then red) = P(red) - P(green) - P(red)

-1, 3, 1_3 .
=2'8°1" 128 2 of the 8 equal sectors are red; 3 are green.

ﬂl‘!ﬂ Find each probability.

la. rolling a 6 on one number cube and a 6 on another
number cube

1b. tossing heads, then heads, and then tails when tossing
a coin 3 times

11-3 Independent and Dependent Events 811



Events are dependent events if the occurrence of one event affects the
probability of the other. For example, suppose that there are 2 lemons and
1 lime in a bag. If you pull out two pieces of fruit, the probabilities change
depending on the outcome of the first.

The tree diagram shows the
probabilities for choosing
two pieces of fruit from a
bag containing 2 lemons
and 1 lime.

The probability of a specific
event can be found by
multiplying the probabilities
on the branches that make
up the event. For example,
the probability of dravlving

2 11
twolemonsmg-i_ 3

To find the probability of dependent events,
you can use conditional probability P(B | A),
the probability of event B, given that event A
has occurred.

Probability of Dependent Events

If A and B are dependent events, then P(A and B) = P(A) - P(B | A), where
P(B | A) is the probability of B, given that A has occurred.

EXAMPLE |2 Finding the Probability of Dependent Events

 Helpful Hint =S

In Example 2A, you
can check to see

that 2 of the 36
outcomes, or 11—8,
have ared 1 and
a sum less than 4:

(1,1) and (1, 2).

Two number cubes are rolled—one 11| E1E1| 1B 3 03 B3
red and one blue. Explain why the 210220230214 2]52]6]

events are dependent. Then find the

indicated probability. B BA BE Bd 88 8d
A The red cube shows a 1, and the a1 Jjaf2lfalslalaffa]sffale]
sum is less than 4. (5]105]215[3H5[4H5][5M5]6]

Step 1 Explain why the events (6|1 le]2ll6[3lt6]2Ml6]5]l6]6]

are dependent.
6 _1

P(red 1) = ETairy Of 36 outcomes, 6 have a red 1.

P(sum <4 |red 1) = % = % Of 6 outcomes with a red 1, 2 have a

sum less than 4.

The events “the red cube shows a 1” and “the sum is less than 4” are
dependent because P(sum < 4) is different when it is known that a
red 1 has occurred.

Step 2 Find the probability.
P(Aand B) = P(A) - P(B| A)
P(red 1 and sum < 4) = P(red 1) - P(sum <4|red 1)

21
3

18

=1
6
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Explain why the events are dependent. Then find the indicated probability.
B The blue cube shows a multiple of 3, and the sum is 8.

The events are dependent because P(sum is 8) is different when the
blue cube shows a multiple of 3.

. _2_1 Of 6 outcomes for blue,
P(blue multiple of 3) 6 3 2 have a multiple of 3.
. . 2 1 Of 12 outcomes that have
P(sum is 8 | blue multiple of 3) =% a blue multiple of 3, 2
P(blue multiple of 3 and sum is 8) = have a sum 8.

3/\6 18

P(blue multiple of 3) . P(sum is 8 | blue multiple of 3) = (l) (l) -1

@ Two number cubes are rolled—one red and one black. Explain why
ITOUTL. the events are dependent, and then find the indicated probability.

2. The red cube shows a number greater than 4, and the sum is
greater than 9.

Conditional probability often applies when data fall into categories.

EXAMPLE |3 Using aTable to Find
Conditional Probability

County Bush Kerry | Other
Harris 581 472 5
Dallas 345 336 4

Tarrant 349 207 3
Bexar 260 210 3
Travis 148 197 5

The table shows the approximate distribution
of votes in Texas’ five largest counties in the
2004 presidential election. Find each probability.

A that a voter from Tarrant County voted for George Bush

P(Bush | Tarrant) =349 _ 0624 Use the Tarrant row. Of 559,000 Tarrant

559 voters, 349,000 voted for Bush.

B that a voter voted for John Kerry and was from Dallas County

_ 336 Of 1,422,000 who voted for Kerry,
P(Dallas | Kerry) T 1422 336,000 were from Dallas County.
1422 336 There were 3,125,000
P(Kerry and Dallas | Kerry) = ——2=« —— r 142
( Iy | Y) 3125 1422 total voters.
~ 0.108

Find each probability.
m ind each probability.

3a. that a voter from Travis county voted for someone other
than George Bush or John Kerry

3b. that a voter was from Harris county and voted for
George Bush
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In many cases involving random selection, events are independent when there is
replacement and dependent when there is not replacement.

EXAMPLE 4 DeterminingWhether Events Are
Independent or Dependent

Two cards are drawn from a deck

of 52. Determine whether the events
are independent or dependent. Find
the probability.

A selecting two aces when the first
card is replaced

Remember! Replacing the first card means that

A standard card deck the occurrence of the first selection will not affect the probability of the
contains 4 suits of 13 second selection, so the events are independent.

cards each. The face P(ace | ace on first draw) = P(ace) - P(ace)
cards are the jacks, 4 4 1
queens, and kings. = 52 52 = 169 4 of the 52 cards are aces.

B selecting a face card and then a 7 when the first card is not replaced

Not replacing the first card means that there will be fewer cards to
choose from, affecting the probability of the second selection, so the
events are dependent.

P(face card) - P(7 | first card was a face card)

= 1—% . il = % There are 12 face cards, four 7's and 51
5 5 cards available for the second selection.

CHECK A bag contains 10 beads—2 black, 3 white, and 5 red. A bead
is selected at random. Determine whether the events are
independent or dependent. Find the indicated probability.

4a. selecting a white bead, replacing it, and then selecting a
red bead

4b. selecting a white bead, not replacing it, and then selecting
ared bead

4c. selecting 3 nonred beads without replacement

L R
THINK AND DISCUSS

1. Describe some independent events.

2. Extend the rule for the probability of independent events to more than
two independent events. When might this be used?

: W 3. GET ORGANIZED Copy
: and C(?mplete the graphic Probability of Independent Events vs.
mﬁ organizer. In each box, Probability of Dependent Events

— compare independent and
dependent events and their
related probabilities.

[ Similarities ) [ Differences )
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[, GUIDED PRACTICE

1. Vocabulary Two events are ? if the occurrence of one event does not affect the

probability of the other event. (independent or dependent)
SEE EXAMPLE 1 Find each probability.
p. 811 2. rolling a 1 and then another 1 when a number cube is rolled twice

3. acoin landing heads up on every toss when it is tossed 3 times

SEE EXAMPLE 2 Two number cubes are rolled—one blue and one yellow. Explain why the events are
p. 812 dependent. Then find the indicated probability.

4. The blue cube shows a 4 and the product is less than 20.

L 5. The yellow cube shows a multiple of 3, given that the product is 6.

SEE EXAMPLE 3 The table shows the results of a quality- . .
Lightbulb lit
p. 813 control study of a lightbulb factory. A = u. 2Ll -
lightbulb from the factory is selected at Shipped | Not Shipped
random. Find each probability. Defective 10 45
6. that a shipped bulb is not defective Not Defective 942 3

L 7. that a bulb is defective and shipped

SEE EXAMPLE 4 Abag contains 20 checkers—10 red and 10 black. Determine whether the events are
p. 814 independent or dependent. Find the indicated probability.

8. selecting 2 black checkers when they are chosen at random with replacement

9. selecting 2 black checkers when they are chosen at random without replacement

[, PRACTICE AND PROBLEM SOLVING
Find each probability.
Exeﬁg{ses Exgﬁfph 10. choosing the same activity when two friends each randomly choose 1 of
10-11 1 4 extracurricular activities to participate in
12-14 2 11. rolling an even number and then rolling a 6 when a number cube is rolled twice
15-16 3
17-18 4

Two number cubes are rolled—one blue and one yellow. Explain why the events are
. dependent. Then find the indicated probability.
Extra Practice . .
Skills Practice p. 524 12. The yellow cube is greater than 5 and the product is greater than 24.

Skills Practice p. 542 13. The blue cube is less than 3 and the product is 8.

14. The table shows immigration to the United

T . Immigration to the United States
States from three countries in three different

years. A person is randomly selected. Find Country | 1990 | 1995 2000
each probability. Cuba | 10,645 | 17,937 | 20,831
a. that a selected person is from Cuba, given Ghana | 4,466 3,152 4,344

that the person immigrated in 1990 Spain 1886 | 1321 1264

b. that a person came from Spain and
immigrated in 2000

c. that a selected person immigrated in 1995,
given that the person was from Ghana.
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Wimbledon has been
played annually since
1877 at the All England
Lawn Tennis and
Croguet Club.

Emploxment Find each Employment by Education Level, Ages 21-24
probability. : :
. E N
15. that a person with an . mp'o ved | Not emp oyed
. Education Level (millions) (millions)
advanced degree is
employed Not a high school graduate 1.060 0.834
16. that a person is not a high High school graduate 2.793 1.157
school graduate and is not Some college 4.172 1.634
employed Bachelor’s degree 1.53 0.372
Advanced degree 0.104 0.041

A bag contains number slips numbered 1 to 9. Determine whether the events are
independent or dependent, and find the indicated probability.

17. selecting 2 even numbers when 2 slips are chosen without replacement

18. selecting 2 even numbers when 2 slips are chosen with replacement

Determine whether the events are independent or dependent.
19. A coin comes up heads, and a number cube rolled at the same time comes up 6.

20. A 4is drawn from a deck of cards, set aside, and then an ace is drawn.
21. A lisrolled on a number cube, and then a 4 is rolled on the same number cube.

22. A dart hits the bull’s-eye, and a second dart also hits the bull’s eye.

q Tennis In the 2004 Wimbledon
Men’s Tennis Championship final,

Roger Federer defeated Andy Roddick Roger Federer’s
in three sets. Service Points )

a. What was the probability that Won

Federer won the point when his First Serve In 64 31
second serve was in? Second Serve In 34 22
b. When Federer lost a point, what was Second Serve Out 0 3

(Double Fault)

the probability that he double faulted?

24. Multi-Step At one high school, the probability that a student is absent today,
given that the student was absent yesterday, is 0.12. The probability that a student is
absent today, given that the student was present yesterday, is 0.05. The probability
that a student was absent yesterday is 0.1. Draw a tree diagram to represent the
situation. What is the probability that a randomly selected student was present
yesterday and today?

r——
CONCEPT

CONNECTION
——

25. This problem will prepare you for the Concept Connection on page 826. .: -

-
While playing Yahtzee, Jake rolls 5 dice and gets the result "“:‘ N
shown at right. The rules allow him to reroll these \* . "
dice 2 times. Jake decides to try for all 5s, so he rerolls the s “‘,;;
2 and the 3. .® e
. e " AR :
. What is the probability that Jake gets no additional 0t YL

5’s in either of the 2 rolls?
. What is the probability that he gets all 5’s on his first reroll of the 2 and the 3?

c. What is the probability that he gets all 5’s on his first reroll, given that at least
one of the dice is a 5?
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Estimation Use the graph to estimate each probability.

Spanish Club Members

26. that a Spanish club member is a girl

27. that a senior Spanish club member is a girl . 60
[}
28. that a male Spanish club member is a senior 'E 40
>
29. Critical Thinking A box contains 100 Z 2
balloons. Eighty are yellow, and 20 are

green. Fifty are marked “Happy Birthday!” & & &
and 50 are not. A balloon is randomly EOSEC S
chosen from the box. How many yellow (_,o&\ Class
“Happy Birthday!” balloons must be in W Girls B Boys
the box if the event “a balloon is yellow”
and the event “a balloon is marked
‘Happy Birthday!"” are independent?
30. Travgl A}rhng information for three Scheduled Flights (thousands)
years is given in the table.
January to July

a. Complete the table. 2003 | 2002 | 2005 | Total
b. What was the probability that -

a scheduled flight in 2004 was On Time 3197 | 3237

canceled? Delayed 598 877 2321
¢. An on-time flight is select(?d Canceled 61 68

randomly for study. What is the

probability that it was a flight Total 3761 4196

from 2005?

Source: Bureau of Transportation Statistics

. Write About It The “law of averages” is a nonmathematical term that means that
events eventually “average out.” So, if a coin comes up heads 10 tosses in a row, there
is a greater probability that it will come up tails on the eleventh toss. Explain the
error in this thinking.

e
~-- STANDARDIZED [N
= TEST PREP

S— 32. What is the probability that a person’s birthday falls on a Saturday next year,

given that it falls on a Saturday this year?
® 0 1 © 7 @ 1

33. Which of the following has the same probability as rolling doubles on 2 number
cubes 3 times in a row?

(P Assingle number cube is rolled 3 times. The cube shows 5 each time.
(@ Two number cubes are rolled 3 times. Each time the sum is 6.

D Two number cubes are rolled 3 times. Each time the sum is greater
than 2.

Three number cubes are rolled twice. Each time all cubes show
the same number (triples).

@

34. Extended Response Use the tree diagram.
a. Find P(D | A), P(D | B), and P(D | ).
b. Does the tree diagram represent independent or
dependent events? Explain your answer.

¢. Describe a scenario for which the tree diagram
could be used to find probabilities.
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CHALLENGE AND EXTEND

35. Two number cubes are rolled in succession and the
numbers that they show are added together. What is
the only sum for which the probability of the sum is
independent of the number shown on the first roll?
Explain.

36. Birthdays People born on February 29 have a

birthday once every 4 years.

a. What is the smallest group of people in which
there is a greater than 50% chance that 2 people
share a birthday? (Do not include February 29.)

b. What is the probability that in a group of
150 people, none are born on February 29?

¢. What is the least number of people such that there
is a greater than 50% chance that one of the people
in the group has a birthday on February 29?

37. There are 150 people at a play. Ninety are women, and 60 are men. Half are sitting
in the lower level, and half are sitting in the upper level. There are 35 women sitting
in the upper level. A person is selected at random for a prize. What is the probability
that the person is sitting in the lower level, given that the person is a woman? Is the
event “person is sitting in the lower level” independent of the event “person is a
woman”? Explain.

38. Medicine Suppose that strep throat

Per 10,000 P le Tested
affects 2% of the population and a er eople Teste

test to detect it produces an accurate Have Do not
result 99% of the time. strep | havestrep | Total
a. Complete the table. Test Positive
b. What is the probability that Test Negative
someone who tests positive |
actually has strep throat? Tota 10,000

SPIRAL REVIEW

39. Sports A basketball player averaged 18.3 points per game in the month of
December. In January, the same basketball player averaged 32.5 points per game.
(Lesson 2-6)

a. Write the average number of points scored as a function of games played for
both months, p(d) and p(j).

b. Graph p(d) and p(j) on the same coordinate plane.
¢. Describe the transformation that occurred.

Solve each system of equations by graphing. Round your answer to the nearest
tenth. (Lesson 10-7)
2x? — 4y =12 4x* -2y =18 x*4+y*=16
0. { ) Y 41. { Y 42, { Y
y =

—x? + 6y =22 2y +5x% = -3

Two number cubes are rolled. Find each probability. (Lesson 171-2)
43. The sum is 12. 44. The sum is less than 5.

45, Atleast one number is odd. 46. Atleast one number is less than 3.
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11-4 Compound Events i

.'.'

9
Objectives Why learn this? 17 P i ML
Find the probability of You can use the probability of ..-'_'5.'.'.-".' ,:-‘-."‘ ool BT
mutually exclusive events. | compound events to determine the 0%a" ot .o .;T. '?
Find the probability of likelihood that a person of a specific t",'f""-.'.".; LT ;:".'.'
inclusive events. gender is color-blind. (See Example 3.) bt 44 _",'_l'"_' ':.'-",.'

L T )
otg % =

Vocabulary A simple event is an event that describes -

simple event a single outcome. A compound event Mutually Exclusive Events

compound event is an event made up of two or more
simple events. Mutually exclusive events
are events that cannot both occur in

the same trial of an experiment.

Rolling a 1 and rolling a 2 on the same
roll of a number cube are mutually
exclusive events.

mutually exclusive events
inclusive events

3 ; Mutually Exclusive Events
Know/{L Y )
: = WORDS ALGEBRA EXAMPLE
Jo The probability of two For two mutually When a number cube is
mutually exclusive events | exclusive events A and B, | rolled, P(Iess than 3) =
2Lzl s i Bf‘:;“{”_'“g_ '?;hel P(A U B) = P(A) + P(B). P(10r2) =
. sum of their individua
Recall that the union orobabilities. P()+PR) =1 +1-1
symbol U means “or.” \ 6 6 3 )

EXAMPLE (1

ﬁ“ﬁj California Standards

@ 19.0 Students use
combinations and permutations
to compute probabilities.

Finding Probabilities of Mutually Exclusive Events

A drink company applies one label to each bottle cap: “free drink,” “free
meal,” or “try again.” A bottle cap has a % probability of being labeled
“free drink” and a % probability of being labeled “free meal.”

a. Explain why the events “free drink” and “free meal” are mutually
exclusive.

Each bottle cap has only one label applied to it.

b. What is the probability that a bottle cap is labeled “free drink” or
“free meal”?

P(free drink U free meal) = P(free drink) + P(free meal)
1,1 _5_ .2 _7
10 25 50 50 50

CHECK 1. Each student cast one vote for senior class president. Of the
IT out! students, 25% voted for Hunt, 20% for Kline, and 55% for Vila.
A student from the senior class is selected at random.

voted for Kline,” and

” «

a. Explain why the events “voted for Hunt,
“voted for Vila” are mutually exclusive.

b. What is the probability that a student voted for Kline or Vila?

11-4 Compound Events 819



Inclusive events are events
that have one or more
outcomes in common. When
you roll a number cube, the
outcomes “rolling an even
number” and “rolling a prime
number” are not mutually

Even and Prime Numbers

exclusive. The number 2 is E N /:|b B I\\l =
both prime and even, so the ven Numbers ’ rime Numbers ‘
events are inclusive. | Even Numbers N Prime Numbers |
|
Remember! There are 3 ways to roll an even number, {2, 4, 6}.
Recall that the There are 3 ways to roll a prime number, {2, 3, 5}.
intersection symbol N
means “and.” The outcome “2” is counted twice when outcomes are added (3 + 3). The actual
number of ways to roll an even number or a prime is 3 + 3 — 1 = 5. The concept
of subtracting the outcomes that are counted twice leads to the following
probability formula.
Know )
; The probability of two inclusive events A or B occurring is the
"m_, WORDS sum of their individual probabilities minus the probability of

both occurring.

For two inclusive events A and B,

AR P(A U B) = P(A) + P(B) — P(A N B).

When you roll a number cube, P(even number or prime) =
EXAMPLE P(even or prime) = P(even) + P(prime) — P(even and prime)
3,3 1

3.3 _1_85
T "% & 6

EXAMPLE 2 Finding Probabilities of Inclusive Events
Find each probability on a die.

A rolling a 5 or an odd number
P(5 or odd) = P(5) + P(odd) — P(5 and odd)

+=— 5 is also an odd number.

B rolling at least one 4 when rolling 2 dice
P(4 or4) = P(4) + P(4) — P(4 and 4)

= % + % — % There is 1 outcome in 36 where
1 both dice show 4.
~ 36

CHECK A card is drawn from a deck of 52. Find the probability of each.
( E ! ITourt . .
2a. drawing a king or a heart

2b. drawing a red card (hearts or diamonds) or a face card
(jack, queen, or king)
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EXAMPLE '3 Health Application

 Helpful Hint =1

As you work through
Example 3, fill in the
Venn diagram with
information as you
find it.

Of 3510 drivers surveyed, 1950 were male and 103 were color-blind. Only
6 of the color-blind drivers were female. What is the probability that a
driver was male or was color-blind?

Step 1 Use a Venn diagram. 3510 total drivers

Label as much information
as you know. Being male
and being color-blind are
inclusive events.

Step 2 Find the number in the
overlapping region. male drivers| | color-blind drivers

Subtract 6 from 103. This is
the number of color-blind males, 97.

Step 3 Find the probability.

= P(male U color-blind) =

= P(male) + P(color-blind) — P(male N color-blind)
_ 1950 , 103 97 _ 1956 _

~ 3510 + 3510 3510 3510 0.557

The probability that a driver was male or was color-blind is about 55.7%.

CHECK 3. Of 160 beauty spa customers, 96 had a hair styling and

IToutt 61 had a manicure. There were 28 customers who had
only a manicure. What is the probability that a customer
had a hair styling or a manicure?

Recall from Lesson 11-2 that the complement of an event with probability p, all
outcomes that are not in the event, has a probability of 1 — p. You can use the
complement to find the probability of a compound event.

EXAMPLE 4 Book Club Application

There are 5 students in a book club. Each student randomly chooses a book
from a list of 10 titles. What is the probability that at least 2 students in the
group choose the same book?

P(at least 2 students choose same) = 1 — P(all choose different) Use the
complement.

number of ways 5 students can choose different books
total number of ways 5 students can choose books
10Ps
10°
__10-9.8-7-6 _ 30,240
10-10-10-10-10 100,000
P(at least 2 students choose same) = 1 — 0.3024 = 0.6976

P(all choose different) =

= 0.3024

The probability that at least 2 students choose the same book is 0.6976,
or 69.76%.

CHECK 4. In one day, 5 different customers bought earrings from the
I same jewelry store. The store offers 62 different styles. Find the
probability that at least 2 customers bought the same style.
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. .
THINK AND DISCUSS

1. Explain why the formula for inclusive events, P(A U B) = P(A) + P(B) — P(AN B),
also applies to mutually exclusive events.

2. Tell whether the probability of sharing a birthday with someone else in the
room is the same whether your birthday is March 13 or February 29. Explain.

. W 3. GET ORGANIZED COPY (Adding probabilities Mutually exclusive
- and complete the graphic events
Flole organizer. Give at least

Inclusive events

Compound events )

e one example for each.

Multiplying
probabilities

P9 California Standards %% go.hrw.com

&~ 19.0 Homework Help Online

KEYWORD: MB7 11-4

Parent Resources Online

KEYWORD: MB7 Parent

[ GUIDED PRACTICE

1. Vocabulary A compound event where one outcome overlaps with another is made
up of two ? . (inclusive event or mutually exclusive events)

A bag contains 25 marbles: 10 black, 13 red, and 2 blue. A marble is drawn from the
bag at random.

=)

SEE EXAMPLE 2. Explain why the events “getting a black marble” and “getting a red marble” are
p. 819 mutually exclusive.

3. What is the probability of getting a red or a blue marble?

4. A car approaching an intersection has a 0.1 probability of turning left and a 0.2
probability of turning right. Explain why the events are mutually exclusive. What is
the probability that the car will turn?

SEE EXAMPLE 2 Numbers 1-10 are written on cards and placed in a bag. Find each probability.
p. 820 5. choosing a number greater than 5 or choosing an odd number
6. choosing an 8 or choosing a number less than 5

L 7. choosing at least one even number when selecting 2 cards from the bag

SEE EXAMPLE 3 Five years after 650 high school seniors graduated, 400 had a college degree and
p. 821 310 were married. Half of the students with a college degree were married.

8. What is the probability that a student has a college degree or is married?

9. What is the probability that a student has a college degree or is not married?

L 10. What is the probability that a student does not have a college degree or is married?

SEE EXAMPLE 4 11. Avending machine offers 8 different drinks. One day, 6 employees each purchased
p. 821 a drink from the vending machine. Find the probability that at least 2 employees
L purchased the same drink.
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AN
For See
Exercises Example
12-13 1
14-15 2
16-18 3
19 4

Extra Practice

Skills Practice p. S24
Application Practice p. S42

Television

In 2004, about 109.6
million U.S. households
had televisions. Nielsen's
rating points, such as
those for CS/, represent
the percent of these
households tuned to

a show.

school offers Yisual arts F)r Class Type | Music Visual Dance Drama and
drama? What is the maximum arts theater
robability? P f
P Y ercentol | o4, | 87% | 20% 19%
Schools
ClO 24. Geometry A square dartboard contains a red square and ablue ~ _! 9in. |

PRACTICE AND PROBLEM SOLVING

Jump ropes are glven out during gym class. A student has a ¢ L chance of getting a red
jump rope and a 3 L chance of getting a green jump rope. Meg is given a jump rope.

12. Explain why the events “getting a red jump rope” and “getting a green jump rope” are
mutually exclusive.

13. What is the probability that Meg gets a red or green jump rope?

The letters A-P are written on cards and placed in a bag. Find the probability of
each outcome.

14. choosing an E or choosing a G 15. choosing an E or choosing a vowel

Lincoln High School has 98 teachers. Of the 42 female teachers, 8 teach math. One-
seventh of all of the teachers teach math.

16. What is the probability that a teacher is a woman or teaches math?
17. What is the probability that a teacher is a man or teaches math?
18. What is the probability that a teacher is a man or does not teach math?

19. A card is drawn from a deck of 52 and recorded. Then the card is replaced, and the
deck is shuffled. This process is repeated 13 times. What is the probability that at
least one of the cards drawn is a heart?

20. Critical Thinking Events A and B are mutually exclusive. Must the complements
of events A and B be mutually exclusive? Explain by example.

4 Television According to Nielsen Media Research, on June 21, 2005, from 9 to 10 p.m.,

the NBA Finals Game 7 between San Antonio and Detroit had a 22 share (was watched
by 22% of television viewers), while CSI had a 15 share. What is the probability that
someone who was watching television during this time watched the NBA Finals or
CSI2 Do you think that this is theoretical or experimental probability? Explain.

School Arts Use the table for Exercises 22 and 23.

22, What would you need to know to find the probability that a U.S. public school offers
music or dance classes?

B robabilty thata U8
Arts Offered by U.S. Public School
probability that a U.S. public ettt e

square that overlap. A dart hits a random point on the board.
a. Find P(red N blue). b. Find P(red).

¢. Find P(red U blue). d. Find P(yellow). 9in
In.

25. Genetics One study found that 8% of men and
0.5% of women are born color-blind. Of the study
participants, 52% were men.

a. Which probability would you expect to be greater: that a
study participant is male and born color-blind or that a
participant is male or born color-blind? Explain.

b. What is the probability that a study participant is male and born color-blind?
What is the probability that a study participant is male or born color-blind?
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CONCEPT

CONNECTION

—

26.

27.

28.

29.

30.

This problem will prepare you for the Concept Connection on page 826.

While playing Yahtzee, Amanda rolls five dice and -

gets the result shown. She decides to keep the 1, 2, S

and 4, and reroll the 5 and 6. Q.

a. After rerolling the 5 and 6, what is the probability =
that Amanda will have a “large straight” (1-2-3-4- z 4
5) or three 4’s? L

b. After rerolling the 5 and 6, what is the probability
that Amanda will have a “small straight” (1-2-3-4
plus anything else) or a pair of 3’s?

-
- -
-

"o
g

Public Safety In a study of canine attacks, the probability that the victim was
under 18 years of age was 0.8. The probability that the attack occurred on the dog
owner’s property was 0.64. The probability that the victim was under 18 years of age
or the attack occurred on the owner’s property was 0.95. What was the probability that
the victim was under 18 years of age and the attack occurred on the owner’s property?

Politics A 4-person leadership committee is randomly chosen from a group of
24 candidates. Ten of the candidates are men, and 14 are women.
a. What is the probability that the committee is all male or all female?

b. What is the probability that the committee has
at least 1 man or at least 1 woman?

Multi-Step The game Scrabble contains K Distribution of Scrabble Tiles
letter tiles that occur in different numbers. 5
Suppose that one tile is selected. Tiles Frequency
a. What is the probability of choosing a vowel if Y/ LK QXZ 1
is not included? B,C,FH M,P 5
b. What is the probability of choosing a ¥? V, W, Y, blank
¢. What is the probability of choosing a vowel if Y G 3
is included? How does this relate to the answer D, LS, U 4
to parts a and b? NR T 6
Write About It Demonstrate two ways to find 0 8
the probability of a coin’s landing heads up at least A 9 i
once in 2 tosses of a coin. ! o ;
E 12 A‘_

e
- -+ STANDARDIZED |

= TEST PREP

_—-""’F

824

31.

32.

For a quilt raffle, 2500 tickets numbered 0001-2500 are sold. Jamie has number
1527. The winning raffle number is read one digit at a time. The first winning
number begins “One...". After the first digit is called, Jamie’s chances of winning do
which of the following?

@ Goto0
Stay the same

1 1

2500 '° 1527

(D Increase from S Y

2500 1000

A fair coin is tossed 4 times. Given that each of the first 3 tosses land tails up, what
is the probability that all 4 tosses land tails up?

@® 05 @ 0.54
(@ Greater than 0.5 (» Between 0.5% and 0.5

@ Increase from
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33. If Travis rolls a 5 on a number cube, he lands on “roll again.” If Travis rolls a number
greater than 3, he'll pass “start” and collect $100. What is the probability that Travis
rolls again or collects $100?

1 1 1 1
® 1 ® 1 © } @ 1

34. Short Response What is the probability of an event or its complement? Explain.

CHALLENGE AND EXTEND

35. What is the probability that at least 2 people in a group of 10 people have the same
birthday? (Assume no one in the group was born on February 29th.)

Travel For Exercises 36-38, use the Venn diagram,

which shows the transportation methods used by
162 travelers. Find each probability if a traveler is
selected at random.

36. P(ferry or train)

Rental
Car

37. P(ferry or rental car)

38. P(train and ferry, or train and rental car)

Use the table of probabilities and the following
information for Exercises 39-41. Hint: Draw a Venn
diagram.

Train

For any three events A, B, and C, P(A or Bor C) =
P(A) + P(B) + P(C) —P(ANB) —P(ANC) —P(BNC) + P(ANBNC)

m P(A) | P(B) | P(C) | P(ANB) | P(ANC) | P(BNC) | MANBNC)

Probability 0.5 0.3 0.7 0.2 0.3 0.1 0.1

39. Find P(BU C). 40. Find P(AUBU C). 41. Find P(BN (AU O)).

SPIRAL REVIEW

Write a cubic function for each graph. (Lesson 6-9)

4. [, y 43. [, y
—4 0 -5 0
-1 0 -2 0
0 -4 —1 24
2 0 3 0
Graph each function. (Lesson 9-2)
2 ifx< -1 1-x* ifx<1
44. X) = 45. X) =
f&) {2x+4 ifx>-1 8() {xz—l ifx>1

Find each probability. (Lesson 17-3)
46. A coin is tossed twice and it lands heads up both times.

47. A coin is tossed 4 times and it lands heads up, heads up, tails up, and then tails up.

48. Two number cubes are rolled. The sum is greater than 10. The first number cube is 6.
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SECTION 11A
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’A

CONCEPT CONNECTION

Probability

Roll Call Yahtzee is played with

5 dice. A player rolls all 5 dice and
-, may choose to roll any or all of the
(LY \';‘::, dice a second time and then a third

\%.°*, time. At that point, the player scores
=" "+ points for various combinations of
£ dice, such as 3 of a kind, 4 of a kind,
or 5 of a kind.

1. How many possible rolls of 5 dice are there?

2. What is the probability of rolling five 6’s on the
first roll of the dice?

3. What is the probability of rolling 5 of any one
number on the first roll?

-
4. Miguel’s first roll is shown at right. He decides i
to reroll the 6’s. What is the probability that he i

hasal, 2, 3, 4, and 5 after this roll?

5. What is the probability that Miguel has a 1, 2, 3,
4, and 5 after the roll, given that at least one of
the dice comes up a 4?

6. What is the probability that Miguel has a 1, 2, 3,
4, and 5 or a pair of 2’s after the roll in Problem 4?

7. What is the probability that Miguel has a 1, 2, 3,
4, and any other number or a pair of 4’s after the
roll in Problem 4?2

A
LN '.'? I.'
I
LN TTY
*
)
G
LS
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READY TO GO On?
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Quiz for Lessons 11-1 Through 11-4

CHAPTER

1

SECTION 11A

@’ 11-1 Permutations and Combinations

1. A security code consists of 5 digits (0-9), and a digit may not be used more than
once. How many possible security codes are there?

2. Adric owns 8 pairs of shoes. How many ways can he choose 4 pairs of shoes to pack
into his luggage?

3. A plumber received calls from 5 customers. There are 6 open slots on today’s
schedule. How many ways can the plumber schedule the customers?

@’ 11-2 Theoretical and Experimental Probability

4. A cooler contains 18 cans: 9 of lemonade, 3 of iced tea, and 6 of cola. Dee selects a
can without looking. What is the probability that Dee selects iced tea?

5. Jordan has 9 pens in his desk; 2 are out of ink. If his mom selects 2 pens from his
desk, what is the probability that both are out of ink?

6. Find the probability that a point chosen at random inside the
figure shown is in the shaded area.

7. A number cube is tossed 50 times, and a 2 is
rolled 12 times. Find the experimental probability . C1in. .
of not rolling a 2. - 15in. !

@' 11-3 Independent and Dependent Events

8. Explain why the events “getting tails, then tails, then tails, then tails, then heads
when tossing a coin 5 times” are independent, and find the probability.

9. Two number cubes are rolled—one red and one black. Explain why the events
“the red cube shows a 6” and “the sum is greater than or equal to 10” are dependent,
and find the probability.

10. The table shows the breakdown of math Math Students by Grade
students for one school year. Find the
probability that a Geometry student is Geometry | Algebra 2
in the 11th grade. 9th Grade 26 0

11. A bag contains 25 checkers—15 red and 10 black. 10th Grade 68 >4
Determine whether the events “a red checker
is selected, not replaced, and then a black checker 11th Grade 33 %4

is selected” are independent or dependent, and
find the probability.

@’ 11-4 Compound Events

Numbers 1-30 are written on cards and placed in a bag. One card is drawn. Find
each probability.

12.
14.

drawing an even number or a 1

13. drawing an even number or a multiple of 7

Of a company’s 85 employees, 60 work full time and 40 are married. Half of the full-
time workers are married. What is the probability that an employee works part time

or is not married?

Ready to Go On?

827
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11-5

Objectives

Find measures of central
tendency and measures
of variation for statistical
data.

Examine the effects of
outliers on statistical
data.

Vocabulary

expected value
probability distribution
variance

standard deviation
outlier

EXAMPLE (1

 Helpful Hint =1

See the Skills Bank
p. S68 for help with
finding the mean,
median, mode, and
range for a set of
data.

ﬂﬁ California Standards

Review and Extension of
6SDAP1.1 Students compute
the range, mean, median, and
mode of data sets.

Also covered: Preview of
Probability and Statistics

&~ 1.0

Measures of Central Tendency
and Variation

Who uses this?

Statisticians can use measures of central
tendency and variation to analyze World

Series results. (See Example 2.)

Recall that the mean, median, and mode are
measures of central tendency—values that

describe the center of a data set.

The mean is the sum of the values in the set
divided by the number of values. It is often
represented as X. The median is the middle
value or the mean of the two middle values
when the set is ordered numerically. The

mode is the value or values that occur

most often. A data set may have one mode, '

no mode, or several modes.

Finding Measures of Central Tendency

Find the mean, median, and mode of the data.

Mean:

12

Median: 2233331444556

3+4

2

= 3.5 days

Mode: The most common result is 3 days.

Number of days from mailing to delivery: 6, 4, 3, 4, 2,5, 3,4,5,2, 3,4
64+4+3+4+4+2+5+3+4+5+2+3+4 45

=10 = 3.75 days

CHECK Find the mean, median, and mode of each data set.

la. {6, 9,3, 8}

1b. {2, 5,62, 6}

A weighted average is a mean calculated by using frequencies of data values.
Suppose that 30 movies are rated as follows:

Movie Ratings

Rating

2.2.8.8.¢

* %k

* K

no stars

Number of Movies

8

12

7

1

weighted average of stars =

8(4) +12(3) + 7(2) + 2(1) + 1(0) _ 84

8+12+7+2+1

=30 = 2.8 stars

For numerical data, the weighted average of all of those outcomes is called the
expected value for that experiment. For example, the expected value for the
number of stars of a randomly chosen movie from the group above is 2.8.

The probability distribution for an experiment is the function that pairs each
outcome with its probability.
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EXAMPLE 2 Finding Expected Value

The probability distribution for the number of games played in each World
Series for the years 1923-2004 is given below. Find the expected number of
games in a World Series.

 Helpful Hint =S

The sum of all of

World Series Games

the probabilities Number of Games n in World Series 4 5 6 7
in a probability - 5 5 6 11
distribution is 1. In Probability of n Games 27 27 27 27
Example 2,
5 5 6 , 11 _ _al 5 5 6 11 Use the weighted
5ttty =1 expected value = 4(?) + 5(?) + 6(§) + 7(§) average.

20 , 25,36 , 77 _ 158

:ﬁ+ﬁ+ﬁ+f_ﬁz5'85 Simplify.

The expected number of games in a World Series is about 5.85.

Gac'#m 2. The probability distribution of the number of accidents in a

week at an intersection, based on past data, is given below.
Find the expected number of accidents for one week.

Number of accidents n 0 1 2 3

Probability of n accidents 0.75 | 0.15 | 0.08 | 0.02

A box-and-whisker plot shows the spread of a data set. It displays 5 key points: the
minimum and maximum values, the median, and the first and third quartiles.

First quartile Third quartile
Minimum Q1) Median (Q3) Maximum

i \ \ \ i
S ST R S

| | | | | | | | | | | | 3
T T T T T T T T T T T T T T ke
| |
I 1

Interquartile range (IQR)

The quartiles are the medians of the lower and upper halves of the data set. If
there are an odd number of data values, do not include the median in either half.

The interquartile range, or IQR, is the difference between the 1st and 3rd
quartiles, or Q3 — Q1. It represents the middle 50% of the data.

Student to Student Box-and-Whisker Plots

I know I have to sort the data before =
| can make a box-and-whisker plot. - iEHLG TESTS
| enter the data into my graphing ﬁE
calculator list. Then | use the STAT Bl ek

sort feature to sort the list in tUrEditor
ascending order.

Jenny Rivera Other times, I'll use a spreadsheet
Lincoln High School and sort the data there.
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EXAMPLE 3 Making a Box-and-Whisker Plot and Finding the

=

Reading Math g%

The symbol
commonly used to
represent the mean
is X, or “x bar.” The
symbol for standard
deviation is the
lowercase Greek
letter sigma, o.

Interquartile Range

Make a box-and-whisker plot of the data. Find the interquartile range.
{5,3,9,2,14,6,8,9,5,8,13,3,15,7, 4,2, 12, 8}

Step 1 Order the data from least to greatest.
2,2,3,3,4,55,6,7,8,8,8,9,9,12, 13, 14, 15

Step 2 Find the minimum, maximum, median, and quartiles.

2,2,3,3,4,5,5,6,7),(8,8,8,9,9,12, 13, 14, 15)

Minimum First Median  Third Maximum
quartile 7.5 quartile

Step 3 Draw a box-and-whisker plot.

Draw a number line, and plot a point above each of the five values.
Then draw the box from the first quartile to the third quartile with a
line segment through the median. Draw whiskers from the box to the
minimum and maximum.

*——9 [ ] .

T T

L
7.5

IQR=9—-4=5

4o +
—_
wu

The interquartile range is 5, the length of the box in the diagram.

CHECK 3. Make a box-and-whisker plot of the data. Find the
I interquartile range.

{13, 14,18, 13, 12, 17, 15, 12, 13, 19, 11, 14, 14, 18, 22, 23}

The data sets {19, 20,21}t and 40, 20, 40} have the same mean and median, but
the sets are very different. The way that data are spread out from the mean or
median is important in the study of statistics.

A measure of variation is a value that describes the spread of a data set. The most
commonly used measures of variation are the range, the interquartile range, the
variance, and the standard deviation.

The variance, denoted by o2, is the average of the squared differences from the
mean. Standard deviation , denoted by o, is the square root of the variance and
is one of the most common and useful measures of variation.

Low standard deviations indicate data that are clustered near the measures of
central tendency, whereas high standard deviations indicate data that are spread
out from the center.

Finding Variance and Standard Deviation

Step 1. Find the mean of the data, Xx.

Step 2. Find the difference between the mean and each data value, and square it.

Step 3. Find the variance, o2, by adding the squares of all of the differences from
the mean and dividing by the number of data values.

Step 4. Find the standard deviation, o, by taking the square root of the variance.
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EXAMPLE '4 Finding the Mean and Standard Deviation

Enter lists in the
graphing calculator

by pressing

and choosing
1:Edit...

EXAMPLE |5 Examining Outliers

The data represent the number of milligrams of a substance in a patient’s
blood, found on consecutive doctor visits. Find the mean and the standard
deviation of the data.

{14, 13,16,9,3,7, 11,12, 11, 4}

Step 1 Find the mean.
14+13+16+9+3+7+11+12+11+4:10

r= 10
Step 2 Find the difference between the mean and each data value, and
square it.
Data Value x | 14 13 16 9 3 71 M1 12 11 4
X—X 4 3 6 | -1 | -7 | -3 1 2 1| —6
(x — x)? 16 9 | 36 1| 49 9 1 4 1| 36
Step 3 Find the variance. Find the
»_16+9+36+1+49+9+1+4+1+36 average of
o?= =16.2
10 the last row

Step 4 Find the standard deviation. of the table.

o =I62 ~ 4.02 The standard deviatim? is the
square root of the variance.

The mean is 10 mg, the standard deviation is about 4.02 mg.

CHECK 4. Find the mean and standard deviation for the data set of the
L number of elevator stops for several rides.

{0, 3,1,1,0,5,1,0,3, 0}

An outlier is an extreme value that is much less than or much greater than
the other data values. Outliers have a strong effect on the mean and standard
deviation. If an outlier is the result of measurement error or represents data
from the wrong population, it is usually removed. There are different ways to
determine whether a value is an outlier. One is to look for data values that are
more than 3 standard deviations from the mean.

The number of electoral votes in 2004 for

11 western states are shown. Find the mean
and the standard deviation of the data.
Identify any outliers, and describe how they
affect the mean and the standard deviation.

Step 1 Enter the data values into list L1
on a graphing calculator.

Step 2 Find the mean and standard
deviation.

On the graphing calculator,

press (B3, scroll to the CALC

menu, and select 1:1-Var Stats. =14 310e
+n=11

Standard
deviation

The mean is about 10.5, and the
standard deviation is about 14.3.
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Step 3 Identify the outliers.

Look for data values that are more than 3 standard deviations away
from the mean in either direction.

Three standard deviations is about 3(14.3) = 42.9.
|« —42.9 >l +42.9>]
| | |

T T T
—324 10.5 53.4
Mean

A
Y

Values 42.9 units below the mean are negative and would not make sense
in the problem (a state cannot have a negative number of electoral votes).

Values greater than 53.4 are outliers, so 55, the number of California
electoral votes, is an outlier.

|55 — 10.5|
143 7 3.1

55 js 3.1 standard
deviations from the mean,
so it is an outlier.

value — mean
standard deviation

Check

Step 4 Remove the outlier to see the effect that it has on the mean and
standard deviation.

All data Without outlier
1-Var Stats 1-Var Stats
E=EB. 54545455 ¥=h.1

Standard
deviation

g
cicli: aagas

4=l

The outlier in the data set causes the mean to increase from 6.1 to 10.5 and
the standard deviation to increase from =~ 2.8 to =~ 14.3.

5. In the 2003 and 2004 American League Championship Series,
the New York Yankees scored the following numbers of runs
against the Boston Red Sox: 2, 6, 4, 2, 4, 6, 6, 10, 3, 19, 4, 4, 2, 3.
Identify the outlier, and describe how it affects the mean
and standard deviation.

CHECK
IT ouT!

4. GET ORGANIZED

THINK AND DISCUSS

1. Describe the effect of adding a constant to each data value on the mean.

2. Describe the effect of adding a constant to each data value on the
standard deviation.

3. What effect does doubling the variance have on the standard deviation?

Variance

Measures of
Variability

[Standard deviation)

Copy and complete
the graphic organizer.
In each box, define
and give an example
of each measure.

( Interquartile range]
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GUIDED PRACTICE

1. Vocabulary A measure of variation, or spread of a data set, is the ? . (variance or
expected value)

Find the mean, median, and mode of each data set.
2. {5,7,4,7,6,7} 3. {2,4,4,6,6,6,7,8} 4. {10, 14,18, 22, 26}

5. Find the expected

Prize Giveawa
value of the prize. L/

Value $0 $1 $5 $20 $100 $1000
Probability | 0.9359 | 0.05 | 0.01 | 0.003 | 0.001 | 0.0001

Make a box-and-whisker plot of the data. Find the interquartile range.
6. {3,5,2,2,8,9,1,11} 7.{2,4,1,4,2,2,7,4} 8. {33,34,31,27,22}

Find the variance and standard deviation.
9. {3, 3,4,5, 5} 10. {10, 12, 14, 15, 18, 20, 23} 11. {7, 14, 21, 28, 35, 42}
12. Measurement Students in a fourth-grade class were asked to measure the widths
of their desks in centimeters. They recorded the following measures: 49, 50, 49, 48,

49, 19, 50, 49, 48, 50, 49, and 50. Identify the outlier, and describe how it affects the
mean and the standard deviation.

PRACTICE AND PROBLEM SOLVING

Find the mean, median, and mode of each data set.

13. {4, 16, 25,9, 36, 49} 14. {1,7,7,2,3,14,127,8}  15. {5, 10, 15, 20, 25}

16. Find the expected number of heads. Three Coins Are Tossed

Make a box-and-whisker plot of the Number of Heads | 0 1 2 3
data. Find the interquartile range. Probability % % % %

17. {12, 15,12, 6, 18, 29}
18. {2, 2,3,8,2,8,2, 42}
19. {3, 4,31, 2}

Find the variance and standard deviation.
20. {4, 4,4, 4, 5} 21. {8, 12, 30, 35, 48, 50, 62} 22. {14, 26, 40, 52}

23. Football The 2004 Cincinnati Bengals scored 24, 16, 9, 17, 17, 23, 20, 26, 17, 14, 58,
27, and 28 points in their first 13 games. Find the mean and the standard deviation
of the data. Identify the outlier, and describe how it affects the mean and the
standard deviation.

24. Critical Thinking Write a set of data in which neither the mean nor the median
